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Abstract. It is a well known fact that the union of the Reverse Holder classes, Up>i RHp 
-vj ' coincides with the union of the Muckenhoupt classes ljp>i ^p = ^cx3, but the ^oo constant 

of the weight w, which is a limit of its Ap constants, is not a natural characterization for 
^ ' the weight in Reverse Holder classes. We introduce the RHi condition as a limiting case of 

the RHp inequalities as p tends to 1, show sharp bound on RHi constant of the weight w 
^^ ' in terms of its Aoo constant. We also prove the sharp version of the Gehring theorem for 

the case p = 1, completing the answer to the famous question of Bojarski in dimension one, 

see IBol. 



o 



U 



.^ , We illustrate our results by two straight-forward applications: to the Dirichlet problem 



for elliptic PDE's. 

To prove our main theorem we are going to use the Bellman function technique. We do 
'^ ' it in the spirit of the paper |Va) . However, to simplify our calculations, we will use the 

C^ , Monge- Ampere equation and some intuition from papers |Va| , |SlVaj . In the same spirit we 

find the "extremal" function w. 

Despite the fact that our methods are not new, we believe that our results are useful, 
thus we prove them in full details. 



1. Definitions and Main Results. 



> 

in 

00 

oo 

We say that w is a weight if it is a locally integrable function on the real line, positive 
f~>^ ! almost everywhere (with respect to the Lebesgue measure). Let rrijw be the average of a 

O ' weight w over a given interval J C M: 

rrijw := —— / wdx. 
Ml J J 

/\ ' A weight w belongs to the Muckenhoupt class Ap whenever its Muckenhoupt constant [w]ap 

(^ ■ is finite: 

(1.1) [w]ap '■= sup mjw imj iw^p^)) < oo. 

Note that by Holders inequahty, [w]ap ^ 1 holds for all 1 < p < oo, as well as the following 
inclusion: 

if 1 <p^q <oo then Ap C Ag, [w]a, ^ M^p- 

So, for 1 < p < oo Muckenhoupt classes Ap form an increasing chain. There are two natural 
limits of it - as p approaches 1 and as p goes to oo. We will be interested in the limiting 
case as p -T- oo, Aoo = Up>i ^p- There are several equivalent definitions of it, we will state 
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2 O. BEZNOSOVA AND A. REZNIKOV 

one that we are going to use (the natural hmit of Ap conditions, that also defines the A^o 
constant of the weight w), for other equivalent definitions see |GaRu] . |Gr] or |St93] . 

(1.2) weA^ ^^ [w]a^ := sup nijw e-'^-'P°s«') < ^_ 

JCM 

A weight w belongs to the Reverse Holder class RHp (1 < p < oo) if 

(1.3) mRHp ■= sup < oo. 

JcR rrijw 

Note that by Holders inequality the Reverse Holder classes satisfy: 

if 1 < p ^ g < oo, then RHg C RHp and 1 ^ [w]rHp ^ M^^,; 

which is similar to the inclusion chain of the Ap classes, except inclusion runs in the opposite 
direction. And similarly we can consider two limiting cases RH^o (the smallest) and RHi 
(the largest). Same as in the case of Muckenhoupt classes we are more interested in the 
largest one, let us call it RHi := |Jp>i RHp. 

For the A^o and RHi in 1974 Coifman and Fefferman showed that A^o = Un>i RHp = RHi. 
Now it is a well known fact (see [GaRuj , |Grj , |St93j ) that ii w E Ap then w G RHg for some 
1 < g < oo and vice versa. In |Grj dependencies of p and q and of Ap and RHg constants 
in any dimension are traced roughly. The Ai and RHoo classes are not overlooked either, a 
lot of information about them can be found in |CrN] . Exact dependencies are much harder 
to trace, but for 1 ^ p ^ oo and 1 < g ^ oo in one dimensional case precise dependencies 
between Ap and RHg are found in [Vaj . 

The question is : Is anything missing in the precise relationships between Ap and RHg 
constants? 

The answer is "Yes" and let us now describe the missing little piece of this puzzle. 

Union of Reverse Holder classes is A^, but the A^ constant (the natural limit of Ap 
constants) has nothing to do with the Reverse Holder constants. The natural limit as p — )■ l"*" 
of the Reverse Holder inequalities is the following condition, which we will take as a definition 
of the class RHi : 

(w w \ 
log < oo, 
mjw nijwj 

where log is a regular logarithm base e, which could be negative. Nevertheless, by the Jensen 
inequality RHi constant defined this way is always nonnegative. 

The RHi constant of the weight w is the natural limit of RHp constants in the sense that 
for every / C M 

[ w w \ p mi{wP)p 

(1.5) nil I log = hm log 



We want to make one remark about this definition. 



Remark 1. The inequality L4_ can be rewritten in the followinq way: 

rrij {w\og{w)) ^ mjw \og{mjw) + Qrrijw. 
Note that since function xlogx is concave, by Jensen's inequality we also have 

nijw log{mjw) ^ nij {wlog{w)) . 
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Condition (11 ■4p is actually much more natural for those places where one is dealing with 
the Reverse Holder conditions rather than with the Ap conditions, see, for example, [Fe] , 
|Cor07j . |HyPer| . 

There is no standard notation here, in some places this class is called RHuogL since fll.4p 
is the reverse Jensen's inequality for the function xlogx, in other places it is called Gi to 
emphasize the contribution of Gehring to the study of the Reverse Holder classes. Sometimes 

for the RHi constant one takes sup j^-jg exp < mj ( ^^^ log ^^^ ) > to remove logarithm in the 

right hand side of the (11 .Sp . We keep our notation because it is shorter and its is clear that 
we are working with the Reverse Holder condition. 

Different ways to define RHi constant of the weight w. First, observe that, trivially, logarithm 
in the definition of the RHi constant can be replaced by log^(a;), (log'*'(x) = max(logx, 0)) 
or log(e + x). 

Lemma 1.1. 

Secondly, from the Stein lemma (see |St69j ). we know that 

3-" m, (M(/x/)) ^ mj(f log (e + ^)) ^ T mj{fxi) 

Thus an equivalent way to define RHi constant is 

(1.6) Mrh' := sup M{wxi), 

1 niiw J J 

which, indeed, is one of the ways to define class Aoo, see for example |Wil] or |HyPer| . 

One can also define Reverse Holder and ^oo constants using Luxemburg norms. Same is 
true for i?iifi-constant. Let us first define Luxemburg norm of a function in the following 

way: for an Orlitz function <l> : [0, oo] i-)- [0, oo], we define H^i'lUfi) / to be: 

Mk.u :=mf{A>0: ^/*(x) ^ '} ' 



Iwaniec and Verde in |IV] showed that for every w and / C 



/ log ( e + -^ ] dx ^ 2 
J J V rniwj 



fIIlwl,/ ^ / log r^ + ztt:: M^ ^ '^iMlio.lj^ 



so another equivalent definition of the RHi constant of the weight w is 



I'^WlIorLJ 



(1.7) [w]rh'' := sup 

/CM \\W\\lj 

Comparability of RHi and A^o constants. Equivalence of the RHi and Aoo conditions 
is known for a long time, but not the relationship between the RHi and A^o constants. In 
this paper we prove the following inequality: 

Theorem 1.2 (Main result 1 : comparability of i?ifi and y4oo constants). A weight w belongs 
to the Muckenhoupt class A^o if and only if w & RHi . Moreover, 

(1-8) [wUh, ^ C[w]a^, 

where the constant C can he taken to he e (C = e). Moreover, the constant C = e is the 
best possible. 
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Bellman function proof of this theorem can be found in Section ISTTl An independent proof 
of the analogue of this theorem for the constant [wj/jii'' "was recently obtained in |HyPer| . 
Moreover, using a similar Bellman Function approach, one can prove the following theorem. 

Theorem 1.3. // [w]rhi = Q then 



Moo ^ C- 



where C does not depend on Q. Moreover, this inequality is sharp in Q. 

We give a sketch of the proof in the Section 13.41 We also note that in the paper [HyPer] 
authors got a bound similar to the Theorem 11.21 (without sharpness). However, as far as we 
know the Theorem 11.31 is new, and we find the bound very surprising. 

1-Gehring Lemma. Reverse Holder classes have a remarkable self-improvement property, 
discovered by Gehring in 1973, see |Ge] . 



Theorem 1.4 (Gehring's theorem). Suppose w G RHp for some 1 < p < oo. Then there 
exists e: > 0, depending only on p and the RHp constant of w, such that w G RHp^^. 



In 1985 Bojarski (see |Bo] ) posed the question of finding the sharp dependence of e on 
the p and the RHp constant of the weight w (and the dimension in multidimensional case). 
The sharp asymptotic for the case of RHp constant close to one was obtained by Bojarski 
(H^) and Wik (iWikj). In 1990 Sbordone and D'Apuzzo (see [Sb] and |DaSbj ) found sharp 
dependence for monotone functions and in 1992 Korenovskii ( |Kor] ) showed that increasing 
rearrangements do not change the Reverse Holder constant of the weight, expanding results 
of Sbordone and D'Apuzzo to the weights that are not monotone. In 2008 Vasyunin (see 
|Va2] ) presented a new proof of the sharp Gehring lemma using method of Bellman functions. 
All of the above was done for the case 1 < jo < oo and in dimension one. Let us state the 
sharp version of the Gehring Lemma. 

Theorem 1.5 (Sharp Gehring Lemma {n = 1, 1 < p < oo)). Let w be a weight, w G RHp 
for some p > I, then w G RHp^s V5 < e, where e is the root of 

(1-9) -log log— = -\og[w\RH^. 

p—1 e p + e — 1 p—1 ^ 

In the following theorem we show that with the RHi constant defined as above, the 
Gehring Lemma works for p = 1 and obtain the sharp dependence of e on the RHi constant 
of the weight in dimension one. 

Theorem 1.6 (Main result 2 : Sharp Gehring Lemma {n = 1, p = 1)). Suppose w G RHi, 
then w G RHi^^, < e < S-, where £_ is the smallest solution of the equation 

(1.10) ^- log + 1^ = [wUh,. 

This result is sharp in a sense that for any constant C there exists a weight w G RHi with 
[w]rHi = C such that w does not belong to RHi^^^ with £_ defined by \1.10[ 



Proof of this theorem can be found in Section | 

There are no known extensions of the above sharp results to the higher dimension. The 

nonsharp dependence of e on p and the RHp constant of the weight w is not hard to trace 



SHARP ESTIMATES INVOLVING A^o AND LlogL CONSTANTS, AND THEIR APPLICATIONS TO PDE5 

even in more general case of M". Following |Gr] . |St93] or |GaRu] one can easily show 

log 4 



(1.11) w e RHi =^ w E RHi+e with e 



n\og2 + ^[w]iiH^' 



but this result is far from being sharp. We include the proof of f ll.lip in Section 13.31 for 
completeness. 

1-Gehring v.s. p-Gehring. In the end of this section we will show that jo-Gehring 
(unfortunately not a sharp one) for any p > 1 follows from the 1-Gehring in dimension n. 
We will (except for one step where we use 1-Gehring Lemma) follow Iwaniec, see |IV] . 

We start with p > 1 and w G RHp, i.e. for any interval / C R 

We would like to show that w G RHp^s for some 6 > 0. Trivially, we have pointwise 
inequality for the Hardy-Littlewood Maximal function M 

{Miw^y^ ^ [w]rh,M{w). 

Since by our assumption w G Lp{I), M{w) is in Lp{I) as well, so by the above inequality 
Miw'P) G Li. By the famous result of Stein [St69j it implies that w^ G LlogL(/) and 



nil w^log e + — - ^2" mAMiw^)) 

mj{wP) 



which, by Weiner, is bounded from above by 



^ 2-[wr^^r-^2'^mjiwn. 



So, by the above, w^ G RHi with 



[wUh, = sup m, ( ^^ log ( e + ^f- ] ] < 6"M ^2^" ^ 



mj{wP) V mj{wP)JJ ^ " p-1' 

Now all we need is to apply 1-Gehring Lemma, that there exists an e > such that w^ G 
i?ifi+£, which trivially implies that w G RHp+s with 6 = pe. 

Some useful technical Lemmas. We also prove two technical lemmas, which, we think, 
can be interesting on their own. The first lemma is the RHi case missing in |Rez VaVo] . where 
the analogues were shown for RHp and Aq ioi 1 < p < oo and 1 < q ^ oo. 

Lemma 1.7. Take a function w G RHi and define 

f-, w(t)^^ 

Wn{t) = <w{t), ^^w{t)^n. 
In, w{t) ^ n 

Then 

Moreover, the same holds for any function w G A^o with replacing [-Jrhi by [-joo- 

Next lemma is the RHi analogue of Vasyunin's lemmas from [Vaj and |Va2] . Lemma [1.91 
is taken from these articles. 
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Lemma 1.8. Fix Qi > Q > and denote VLq^ = {{x,y): xlog(a;) ^ 2/ ^ xlog(x) + Qix}. 
Then for every w G RHi, [w]rhi < Q, there are two intervals I~^ and I~ such that I = /"U/"*" 
and if x^ = (mi±w,mi±{w\og{w))) then [x~,x^] C ^q^- Also the parameters oc^ = '-rJ- 
be taken separated from and 1 uniformly with respect to w. 



can 



Lemma 1.9. Fix Qi > Q > Q and denote VLq^ = {{x,y): 1 ^ xe ^ ^ Qi}- Then for 
every w G A^o, [w\oo < Q, there are two intervals I^ and I~ such that I = I~ U I~^ and if 
x^ = {mj±vu,mj±{\og{w))) then [x~,x^] C ^q^- Also the parameters a^ = -W can be taken 
separated from and 1 uniformly with respect to w. 

Proofs of Leinina [TTTI and Lemma [L8] are very similar to the proofs of their RHp analogues 
from [RezVaVo] and |Va2] . 

We would like, however, to give a heuristic idea why these lemmata are true. Fix Qi > Q 
and take a weight w, such that [w]oo ^ Q- First we take intervals I±, such that |/-|-| = ||/|. 
If the line segment, described above, is in Oqi, then we stop. If no, we start enlarging J+. 
The line segment, which connects (a;_,y_) and (x+,?/4.) starts turning and finally gets into 

The only detail is that the parameters Kfr can be chosen bounded away from and 1, 
independently on w. This is a technical calculation, and we refer the curious reader to the 
paper |Va2] . 
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2. Applications. 

2.1. Dirichlet problem for elliptic PDE's. In this section we will implicitly follow 
[HoMaj . This is the reason we will work with M""''"'^. 
We start with real symmetric second order elliptic operator 



(2.1) Lf{X) := -divA{X)Vf{X), X G 



pn+l 



with A{X) = {aij{X))^^. •<„ , ^ being real, symmetric (n + 1) x (n + 1) matrix such that 
o-ij G Loo(lR"^^) for 1 ^ i,j ^ n + 1, and A is uniformly elliptic, that is, there exists 
< A ^ 1 such that 

for all ^ G M"+^ and almost every X G M++\ 

If / is a continuous function on M", then there exists a unique function u, continuous on 
Wr^\ so that Lu = in M"+^ and u = / on M". Then for a point Xq G M++^ mapping 
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/ G C(M") — )■ u{Xq) is a positive linear functional so that there exists a unique nonnegative 
measure a;"^" on M" such that for every / G C(M"), 



This measure u^° is called the harmonic measure associated to L. Let us fix the point Xq 
and drop the index u = u^". It is often important for applications to know whether or not 
u) is absolutely continuous with respect to the Lebesgue (surface) measure dx on M". If this 
is the case, it is also of interest to know how nice the Radon-Nikodym derivative ^ = ^ 
(the Poisson kernel) is. It is a well-known fact, that Dirichlet problem for L is solvable in 
Lp',^ + ^ = 1, if and only if k G RHp (for precise statement of the theorem see |HoMaj . 
[FeKPij . or p^). 

According to Caffarelli, Fabbes, and Kenig |CFK] there exist elliptic operators L of form 
(12. ip such that the measure u associated to L is not absolutely continuous with respect 
to the Lebesgue measure dx. Later, Fabes, Jerison, and Kenig showed in |FJK] that if 
matrix A(X) = (aij(X))^^^ K"+i °^ °^^ operator L has continuous entries on M""^^ and the 
modulus of continuity is good enough, then u is absolutely continuous with respect to the 
Lebesgue (surface) measure dx, and, moreover its Radon-Nikodym derivative k belongs to 
the Reverse Holder class RH2. Then in |Da] Dahlberg extended this to the following result 
for the solvability of L in Lpi in the case when L is a small perturbation of a solvable operator 
Lq. Given two elliptic operators Lq and L as above with associated matrices ^40 and A, we 
define their disagreement as 

a{X):= sup \A{Y) ~ Ao{Y)\ . 

\X-Y\^<piX)/2 

Theorem 2.1. (Dahlberg '86) Let Lq and L be two operators as above with a being their 
disagreement, and let loq, u denote their respective harmonic measures. Assume that the 
measure ,2. dX is a Carleson measure: 



where Rq is a Carleson box associated to Q. 

a(Xf 
P{X) 



Suppose also that Carleson measure (J) dX has vanishing trace: 



(2.3) lim sup — / -^TT^dX = 0. 

r^0+ QgRn £(Q)^^ IVl JRq P{^) 

Then if Ko ^ RHp for some 1 < p < 00 implies n G RHp, i.e. if Lq is solvable in Lpi then L 
is solvable in Lpi as well. 

In [FeJ Robert Fefferman showed that in the limiting case p = 1 condition (12.31) can be 
significantly relaxed. 

Theorem 2.2. (Fefferman' 89) Let Lq and L be two operators as above with a being their 
disagreement, and let ujq, u denote their respective harmonic measures. Assume that the 
measure (J-. dX is a Carleson measure (i.e. it satisfies /i2.^) ). Suppose also that we have 



p{x) 



2 \h 



(2.4) ||^(x)||^^fj,„^<oo, where A{x):=[ I ^7^^^ 
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Then hq G Aoo{= RHi) implies k G Aoo{= RHi), i.e. if Lq is solvable in Lpi , 1 < p' < oo, 
then L is solvable in Lqi for the some 1 < q' < oo. 

Moreover, [k]rhi ^ C[ko]jihi holds with constant C depending on the Loo norm of A{x), 
the ellipticity constant of the operators Lq and L and the dimension n. 

Robert Fefferman does not state the dependence of the RHi constants, but it follows from 
his proof. 

In 1991 Fefferman Kenig and Pipher come up with a different method and show that even 
if condition (12. 4p is omitted, having that the measure "^.^l dX is Carleson is enough to keep 
Radon-Nikodym derivatives in A^o- 

Theorem 2.3. (Fefferman-Kenig-Pipher'91). Let Lq and L be two operators as above with 
a being their disagreement, and let uq, oj denote their respective harmonic measures. Assume 
that -jY)dX is a Carleson measure (i.e. it satisfies /i2.^) ). 

Then we have that kq G ^oo(= RHi) implies k, G Aoo(= RHi). More precisely, if Lq is 
solvable in some Lpi, 1 < p' < oo, there exists 1 < q' < oo such that L is solvable in Lqi . 

This theorem looks like a clear generalization of Fefferman's result, but notice that the 
relationship between RHi constants of k and kq is not traced anymore. In this area people 
normally do not need estimates on the Reverse Holder constants, what matters is the value of 
p, for which k G RHp. Examples (see |FeKPi] ) suggest that under conditions of Theorem 12. 3 [ 
weaker than the vanishing trace conditions in Dahlberg's theorem, p will not be preserved 
(i.e. kq G RHp will not imply that k G RHp), we can only claim that for a given p such that 
Ko G RHp there exists a q such that k G RHq. The natural question to ask here : Is there 
anything we can say about g? 

This is where Fefferman's estimates on the RHi constant of k turn out to be very handy. 
When we know [^J^jif^ we can use the limiting case of the Gehring's theorem for p = 1, 
(II. lip , in the following way: 

Theorem 2.4. Let Lq and L be two operators as above with a being their disagreement, and 
let ujq, (jJ denote their respective harmonic measures. Assume that .J) dX is a Carleson 
measure (i.e. it satisfies /i2.S^) ). 

(1) (Fefferman-Kenig-Pipher) We have that uq G Aao{= RHi) implies u G Aoo(= RHi). 
More precisely, if Lq is solvable in some Lpi, \ < p' < oo, there exists 1 < q' < oo such that 
L is solvable in Lqi. 

(2) (R. Fefferman) Suppose in addition to Ii2.2\) the Fefferman's condition ^2.4^ is satisfied. 

Then kq G Aoo{= RHi) implies k G Aoq{= RHi), and, moreover [kJrhi ^ C[Ko]fiHi with 
C = C{\\A{x)\\^^,^„) , A,n), which means that 

log 4 

K G RHi+, with e = — — . . . 

n\og2 + 8C[ko\ RH^ 

i.e. if Lo is solvable in Lpi (kq G RHp), 1 < p' < oo, then L is solvable in Lqi for the 
1=^^ + niog2+8c\no]RH^ - ^^^^ ^^^^ ^^^^ f^^ any 1 < p < OO wc have [ho]b.h^ ^ ^ loglno] rh^ ■ 

(3)(Dahlberg) Suppose also that measure iX dX has vanishing trace, i.e. satisfies /i2.3\) . 

Then if kq G RHp for some 1 < p < oo implies n G RHp, i.e. if Lq is solvable in Lpi, 
1 < p' < oo, then L is solvable in Lpi for the same p. 
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This theorem (the e part of (2)) is not sharp. Sharp 1-Gehring would help the part (2), 
and we will try to get it, but it would not help to trace the dependence of g on p in part (1). 
In fact, it is not clear here if Fefferman's assumption can be relaxed. 

3. Proofs. 

3.1. Proof of Theorem 11.21 (Bellman function proof) We will prove that if w belongs to 
the Muckenhoupt class A^ on the interval J, w E A^{J), i.e. 

(3.1) supm,«;e-'"^('°s-) ^ [w]a^^, 

ICJ 

then 

(3.2) mj{w\ogw) ^ m jw m J (log w) + e[w]A^ j'mjw. 
We start with the following Lemma: 

Lemma 3.1. In order to prove inequality \3.2\) . it is enough to show that for every small 
£ > and a Bellman function Bq^^ = BQ^s.(x,y) = B{x,y) (we will drop index Q for 
simplicity), defined on the domain 

Qq^^ = {x={x,y) eR^ -.x^O, 1 ^ xe-y ^ Q + e} 

that satisfies the following properties: 

(1) B is continuous on ^q+s 

(2) B{x, y) is bounded from above by xlogx + eQx: 

(3.3) B{x,y) ^ x\ogx + eQx \/{x,y) e VIq+s, 
and 

(3.4) B{x,y) ^ a;log(a;). 

(3) B{x,y) is locally convex on ^q+s: 



(3.5) 



B'^y{x,y)^0 and det ( ^i^ 50=0 V(x,y)GfiQ+,. 



We will first prove Lemma 13.11 and then present the function S, satisfying the above 
properties. 

Proof. (Proof of Lemma [3.11) Let w be an Aoo-weight on the interval J. We will first truncate 
it by - from below and by n from above: 

{n, w{t) ^ n 

w{t), i ^ w{t) ^ n 
-, w(t) ^ i 

and show that Lemma [3TT] holds for the weight Wn with all constants independent of n. Then 
by sending n to infinity and applying Lebesgue dominated convergence theorem one obtains 
the inequality (13. 2p for any w e L''°^(R). 

Thus, we consider the truncated weight Wnit) on the interval J E M.. By the Lemma 
II. 7[ we know that the A^o constant of the truncated weight Wn{t) does not exceed the A^q 
constant of the original weight w. 

Now, for every interval J C J C M, let 

xi = {xi,yi) := {mi (wn), mi (log Wn)) . 
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Then, for every such /, by the Reznikov-Vasyunin-Volberg Theorem, xj G ^[w]a ^^d, 
moreover, - < xr < n. 

Next, we use the Lemma \TM in order to construct the sequence {^l}^^ -^^^ ^ pj^ of subin- 
tervals of / with properties that Wk E N set J'k := {li}^^ ■<2'= ^^^s a partition of J, lengths 
of II approach as fc — )■ oo and for every k,jEN, 1 ^ j ^ 2^ — 1, the hne segment connect- 
ing points Xjj and Xji+i belongs to the extended domain r2[^„]^^_|_£, while points < Xp > lie in 

We apply the Lemma IL9I to the interval J =: Iq with e > from conditions of Lemma 
l3.1l to split it into J = I^ = I\U II- We repeat this procedure with the same e for II and /f 
and obtain II, /|, /| and /|. This way we build [ll] ^^^^^ is:j^2fc- 

Since both 5^ and (1 — 5^ — )■ as A; — > oo, limfc_^oo maxj |j^| = 0. By the construction, 
VA; G N J = \JjIi and, finally, for every A;, j G N, 1 ^ j ^ 2^ we have Xp G VL\w\^^ and 

C fi[iu]^^+£ whenever /^ and /^^ come from the same parent 



the closed interval 

-1- 
Denote 



X j3 '. X TJ + 1 

'-k ^k 



P 

-'fc-l 



XkA^) '■= mjj{wn), s e I] 



yk,n{s) := 'mp{\ogWn), sell- 

k 

Both Xk^n and y^.n are step functions and for almost every s we have that (x^ „(s), yk,n{s)) — ^ 

{Wn[s) ,\ogWn{s)) OS k -^ OO. 

To finish the proof of Lemma [3. ![ we observe that by the concavity of function B, 
B{xi,yi) ^ -rjrB{xi^,yi^) + —-B{xi_,yi_) 

Ml M+l pI m+i 

^ ... 

Therefore, B{xj,yj) ^ ^^ /^5(2;fc,„(s),yfc,,,(s))(is. 

Since i(;„ was bounded from above and below, - ^ Wn{t) ^ n, points {xk^n,yk,n) belong to 
the compact set -ftr^,„ C M^. B is continuous, so it is bounded on K^ and, by the Lebesgue 
dominated convergence theorem and the boundedness property (13.41) of B, we have 



B{xj,yj) ^ lim — - / B{xn,k{s),yn,k{^))ds 

k-^oo I J I J J 

lim — - / Xn,k{s) \ogXn,k{s)ds 

k^oo \J \ J J 



k- 



-— I Wn{s) \0gWn{s)ds = mj{WnhgWn), 
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which, in its turn, imphes that 

mj{wn\ogWn) ^ B{xj,yj) ^ xjlogxj + eQxj 
= mjWn log mjWn + eQ mjWn- 

Since this bound does not depend on n, we send n — )• oo and obtain desired inequahty for 
all v4oo-weights w. 

Proof of Lemma 13.11 is complete. D 

Now we need to show that B with the above properties exists. The following lemma will 
help us define such function B{x,y). 

In fact, for any Q > 1 we will construct the exact Bellman function: 

BQ{x,y) = sup{mi{wlog{w)): rriiw = x, mi{log{w)) = y, [w]oo ^ Q}- 

We will need some preparation. First, let 7 be the root of the equation 

t-iog(t) = i + iog(g), 

such that 7 < 1. Next, fix a point (x, y) G Qq = {{x,y): 1 ^ xe^^ ^ Q} and let v = v{x, y) 
be a root of the equation 

y = h log(t;) - 7. 

V 

such that V ^ X. 

In fact, the last equation is an equation of a line i, such that (f,log(t')) G i and i is 
tangent to the curve xe~^ = Q. So basically we take a point {x, y) and a tangent line, which 
passes through this point and goes to the right. This line "hits" the curve xe~^ = 1 exactly 
at the point {v,\og{v)). 

We are ready to state the following lemma. 

Lemma 3.2. Let 7 he as above and v = v{x, y) be a function, implicitly defined (on the 
domain Qq) by the equation 

7 ■ X 
y = h log(t;) - 7, 

V 

and such that v ^ x. 
Denote 

B{x,y) = xlog(f) H . 

7 

Then B{x,y) satisfies all properties from the Lemma \3.1[ 

Remark 1. We remark that instead of writing Q + e of Qi we write Q. It is fine because 
we do it for every Q > 1. 

Proof. We leave the differentiation of the function B to the reader. However, we state the 
answer for several derivatives. First of all, 

'yx — V ^ V — jx 
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Next, 

Bi^logW + i + l, B'' 



7 




7a; - 


1 

■ V 


1 


v" 



XX 



R' = — — R" _ 

"7 "" 7 1; — 7X 

^xy = • 



f — 7X 

Finally, by the definition off, we have 7X ^ v, so S"^ ^ 0. We also notice that B{y, log(w)) = 
f log(f). Thus, we need to prove that xlog(x) ^ B{x,y) ^ a;log(a;) + eQx. We notice that 



B(x,y) — x\og(x) , V 1 — 
^ '^^ ^^ ^ -log- + 



X 



X X 7 

Denote s = - and notice that s G [7, 1]. Then 

B{x,y) - x\og{x) 1-s 

= log s + = ip{s). 

X 7 

Since f'{s) = - — - ^ 0, we get 

B{x,y) -xlog{x) , . . 1 ^ N , 1 1 
^ viV = log 7 + - - 1- 

X 7 

It is not hard to check that the last expression is not bigger than eQ. Moreover, 

, log(7) + ^ - 1 
lim — — ! = e, 

Q-^oo Q 

SO the constant e is sharp. Finally, 

B{x,y)-x\ogix)^^ ^^^ 

X 

so B{x,y) ^ xlog(z), which finishes the proof. D 

We have proved that our function B{x, y) is bigger or equal than the exact Bellman 
function B{x,y). This proves the inequality ( II. 8p with constant C = e. In order to prove 
that this is the best possible constant we need to do the following: for every point {x,y) G 
Qq present a weight w, such that [w]oo ^ Q, mjw = x, mf{\og{w)) = y, and B{x,y) = 
rrijlwloglw)). The following lemma takes care of this issue. 

Lemma 3.3. For a point {x,y) G Qq consider a function 

wit)-- 



v{iy^\ te[0,a] 



t G [a, 1] ' 

where a is taken such that {x,y) = {miw,mj(\og{w))). Then [w]oo ^ Q and B{x,y) 
mj{w\og{w)). 

This lemma is technical and we skip the proof. Later we prove a similar Lemma 13.91 



(3.7) M/?i^i,j := supm/ ( -^—.^^^1777,] < °° 
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3.2. Proof of Theorem [EH 

Proof. Proof of this theorem is basically the same as the proof of Theorem 13.11 However, we 
give a detailed proof. Fix an interval J C M. We define the RHi constant of the weight w 
on the interval J to be 

to , w \ 

log 

icJ \miw miw ^ 

or, equivalently, 

(3.8) VJ C J ruf (wlogw) ^ miwlognijiu + [w]rhi jTniW 

For a given Q > we will show that if [w\rhi j ^ Q, then for every < e < —^, where 
7+ is the larger solution of equation 

7-log(7) = Q + l, 

weight w satisfies the Reverse Holder inequality with exponent 1 + e on the interval J: 

(m.jw^'^^) ^+^ ^ Cmjw. 

Remark 2. We remark that e-, defined in (ll.lOp . is equal to — ^. This is because 

so 

1 + ^") -log^ + ^'j =Q + 1, 

and now it is clear that 7+ = 1 + — . 

For the given J C R and Q > we introduce the following function B{x, y): 

B{x,y) = sup{mjti;^+^: mjw = x, mjw\og{w) = y, [w]rhi ^ Q}- 

Note that for every subinterval I d J and any weight w satisfying [zwjjt'/fj j ^ Q, the pair of 
points {xj,yj) := {miw,miw log w) should lie in the domain 

Q = Qq = {{x, y) : xlogx ^ y ^ xlogx + Qx}. 

Boundary curves of Vt will be denoted by F and Fg: 

r = {{x,y): xlogx = ?/}, 

Fq = {{x,y): y = x\ogx + Qx}. 

So, for every weight w G RHij and every subinterval I C J, point {xi,yi) lies in the 
domain Q. It is not hard to see that the opposite is true as well, for every point {x, y) E Q 
there is a function w, satisfying all properties from the definition of B{x, y) and such that 
(x, y) = {mjw,mjw\ogw). In fact, if {x,y) G Vt then there are two points V = {v,v\ogv) 
and U = {u,ulogu) on F, such that point {x,y) belongs to the line segment connecting V 
and U, X = sv + {1 — s)u, y = si; log f + (1 — s)ulogu with s G [0, 1], and the whole interval 
[U, V] lies inside the domain Q. To see the existence of w, simply observe that for J = [0, 1] 
the weight 
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has the above properties. Indeed, 

rrijw = sv + {1 — s)u = x, 



nijw log{w) = s V log V + {1 — s) u log u = y, 



and for every interval / C J = [0, 1] we get that the point {m,iw,'miw\og{w)) is a convex 
combination of V and U and, moreover, [wj/jiifi ^ Q since the line segment [U,V] is inside 
Q. A simple rescaling argument proves it for general J. Therefore, Q is indeed the domain 
oiB. D 



3.2.1. Geometry ofQ. We need some basic facts about the geometry of Q. Namely, we want 
to investigate the following: if {x,y) G Q, then what are the equations of tangents to Tq, 
which pass through (x, y)7 In particular, what happens ii y = xlogx. 

Lemma 3.4. Let V = (v,wlogv) G F and a^ = 7+f . Then the line 

iy-. y = (log V + 7+)x - v-f^ 

is tangent to Tq. Moreover, £y HTq = {{a^, a^ log(a^) + a^Q)}, where a^ = j+v. 

Proof of this lemma is a simple exercise in calculus, so we will leave it to the reader. For 
any point {x,y) G ^2 we have a line i{x,y) now, tangent to Tq, which passes through {x,y) 
and has an equation 

y = (logt; + 7+)x-t;7+, 

where v ^ x. 

Take a^ = 7+f, so that we have v ^ x ^ a^ 




(u.ulogo) 



(u, 




Now we are ready to formulate the following theorem. 
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Theorem 3.5. Assume < e < — ^-. Then 

^{^^ y) = T~r^ (^(^ + ^) - nv{x, y)), 

where v{x,y) satisfies an implicit formula 

y= (logv + 7+)x-t;7+, 
v{x,y) < X ^ -f+v{x,y). 



-7+ 



Moreover, if {x,y) G Tq then the supremum is attained on a function Wexit) = -^t "'+ , 
while for an arbitrary {x, y) & Q the supremum is attained on a function of the form 

jct^, te(0,a] 

Wex{t) = < 1-7+ 

[Ca -<+ , te [a,l]. 

Proof. We denote 

B{x, y) = -—^ (x(l + e)- e-fv{x, y)). 

1 + e - 'je 

The goal is, therefore, to show that B = B. 
We break the proof into several lemmas. 

Lemma 3.6. The function B{x,y) is locally concave in Q. That is, the hessian of B 

n" H" 

XX xy 

xy ^yy 

is a negatively semidefinite matrix. 

Checking this condition requires nothing but careful differentiation. However, we want to 
point out that this lemma is true since 7f (x, y) — x ^ for every (x, y) G Vt. It shows that 
we could not consider another tangent line from (x, y) to Tq. 



Local concavity of the function B implies the following lemma. 

Lemma 3.7. The following inequality holds 

B{x,y) ^ B{x,y) 

Proof. We first observe that on the boundary curve F we have i3(f,vlogi') = v^'^'^ = 
B{v,v\ogv), since the only admissible function vj for the point (f,t'logf) is the constant 
function w{t) = v. 

We consider a function Sq^, which is defined like B, but with Qi instead of Q. Take a 
point (x, y) and an arbitrary w, [w]jiHi ^ Q, such that {x,y) = {mjw,mjwlog{w)). Assume 
that - ^ w{t) ^ n for every t. Then, in particular. 



rrijw G 



1 

-,n 

n 



Therefore, the set T = {{niiw, miw log w): I d J = [0,1]} is compact. Therefore, Bq^ is 
bounded on T. Take now J^ from the Lemma [1.81 
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By D„ we denote the set of intervals of n-th generation. For example, Dq = {/} and 
Di = {/^, /+}. For every interval J G -D„ we denote 

x"^ = {mjw,mjw\og{w)). 

Since Bq^ is locally concave, we can write 

BQ,{x,y) ^ |/+|5q,(x+) + \r\BQ,{x-). 

Repeating this procedure, we get 

1 

BQAx,y)> Yl \'J\BqA^')= f BQ,{x^{t))dt, 

where x"(t) is a step- function, defined in the following way: take J G D„ and denote 
x"(t) = x"^ , t & J. By the Lebesgue differentiation theorem, x"'(t) -^ {w {t),w{t) log w{t)) 
for a.e. t. Moreover, since B is bounded on the set {x"^}, we can pass to the limit under 
integral. We get 

1 1 

Bq,{x, y)^ j Bq, iw{t),wit) logiwit)))dt = J w'+'it) = mjw'^'. 



If w is unbounded, we consider 



^5 



1 

n' 



Wn{t)={w{t), wit)e[^,n\, 
n, w{t) ^ n. 

Then, by the Lemma fTTTl [ty„.]i?,Hi ^ [w\rhi ^ Q, and 

Using the Lebesgue Monotonic convergence theorem, we get 

BQi{x,y) ^ mjuj^^" 
for every admissible function w. After taking the supremum over w we have 

Bq^x^y) ^ B{x,y) 
for every Qi > Q. Since Bq^ is continuous in Q, we can write 

B{x,y) ^ B{x,y). 



D 



We have shown that B{x, y) ^ B{x, y). In order to complete the proof of the theorem, we 
need to show the opposite inequality, 

B{x,y) ^ B{x,y). 
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Lemma 3.8. For every point (x, y) eVL there exists a function Wex, such that 

rrijWex = X, 

mi{Wex^Og{Wex)) = V, 
['Wex]RHi ^ Q, 

B{x,y) = mi{wl+'). 
Consequently, B{x,y) ^ B{x,y). 

First we consider the point (x, y) G Tq and 

X ^~^+ 
Wex{t) = —t''+ . 

7+ 

Lemma 3.9. The function w^x satisfies the inequality [wexJRHi ^ Q- Moreover, for every 

7+-1 

Finally, 



e < ^— r we have 

7+-1 

B{miWex,mi{wex^og{wex))) = m/(u;^^+^ 



ex 



mjlWex ) = CX). 

Remark 3. Notice that the big part of this lemma repeats conditions from the Lemma \3. 81 . 
However, the last equality shows the sharpness, declared in the Theorem MM 

Proof of the Lemma l373i To prove that [wex]RHi ^ Q, we take an interval J = [a,b] and 
write 

1 -L J- 

m[a,b]W = X- (6^+ - a^+ ), 

— a 

(X \ J- -J- 1 — 7_L _L _L 1 1 

— (6^+-a^+)+x (6^+ log6-a^+ loga)-2;(l-7+)(6^+ -a^+ ). 
7+/ 7+ 

We substitute 

1 1 

a = a^+ ,/3 = 6^+ 

a = $13. 

Then, after some technical calculations, using the definition of 7+, we obtain that 

mjw\og{w) — mjwlog{mjw) — Qrrijw 

has the same sign as 

1 — s 
(7+- l)slogs- (1 -s)loj 



1-ST+ 

We now use the following trick. Fix s G (0,1) and denote 

1 — s 
^(^) = (7- l)slogs- (l-g)log ^_^^ . 

Obviously, (p{l) = 0. Simple calculation shows that (^'(7) ^ if 7 ^ 1, which yields, since 

7+> 1, 

^il+) ^ 0. 
Therefore, if s G (0, 1), then 

1 — s 
(7+ - l)s log s - (1 - s) log YZ~^ ^ ^- 
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It is easy to see that the same inequahty holds for s = and s = 1. Therefore, 

mjw\og{w) — mjw\og{mjw) — Qrrijw ^ 0, 
so [wex]RH^ ^ Q- Moreover, 

7+ l + £-7+^ 



since (x, y) G Fg, and so x = 7+f . Finally, it is clear that mj{wex ^^ ) = 00, which finishes 
the proof of the Lemma 13.91 D 

We now proceed to the arbitrary (x, y) G VLq. Take the tangent l{x, y) and defined before 
V = v{x,y), ttv = 7+f(x,y). Define 

[v, te[u,l] 

Note that we "glue" two functions: the extremal function for the point (f,vlogf) and the 
extremal function for (a, a log a + Qa). We should glue them so x = rrijiv. Since 

a — X X — V 

X = V h a , 

a — V a — V 

we take u = ^^. The inequality [ffj/j/^j ^ Q is left to the reader. However, it is a big 
pleasure to point out that the calculations are not needed because of the proof of such facts 
(a "maximizer" for Bellman function has the desired constant), given by P. Ivanishvili, N. 
Osipov, D. Stolyarov, V. Vasyunin and P. Zatickiy, see |IOSVZ] . 

It remains to show that mj{wl^'^) = B{x,y), but it follows from the fact that B is linear 
on tangent lines to Fg. We have proved that 

5(x, y) = mjwl+'^ < B{x, y) , 

which finishes the proof of the Theorem 13.51 and the proof of the equality i?(x, y) = B{x, y). 

D 

3.3. Proof of the Gehring theorem for the case p = 1 in dimension n. 

Theorem 3.10. w G RHi, then 

log 4 
w G RHi+e for all e ^ — j — . 1 ' 

where n is the dimension of the underlying space (or related to the doubling constant of the 
underlying measure). 

Proof. Let w G RHi, then (by (O])) 

(3-9) V/CM" Iklliiog,.,, ^ Hrh'i\\w\\^^,, 

where HwH^/^-) is Orlitz norm of w, 

(3.10) if $ = LlogL then $„(t) ^ e^ - 1 

and one can write generalized Holder's inequality: 



VJ / \f{x)g{x)\dx ^ ||/ILiogL,/lklle^-l,/ 



/ 



;i-l,/ • 
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Applying this to the jj\f\ wdx, we can write V/, "iw G RHi and \/I E D 
(3.11) Jmw^2 |k||^,„g^,, \\fl._, ^ [by dMD] ^ 2[wUh'^ \\w\\^^, 

Note first that Htf^Hj^ / = A J^w: 

II II • f /\ n I fw ,A 1 

||ri;||^ J- = mr < A > : ■ 

So, (13.111) becomes 



Mk, = mf|A>0: _y^-«l| = _y^.. 



(3.12) 1^ /j/k^ « 2HflH|~ /"-il/lLt-i,,- 

M I J/ Ml J/ 

In order to apply inequality fl3.12p to the f = Xe for an E G I, 
\\XE\\eL_ij = inf|A>0: — / e^ - 1 ^ 1 

inf <! A > : — / e^ - 1 ^ 1 

I-* I Je 

inf <! A > : ^—j-ie^-D^l 



log (l + M 
and then f l3.12p applied to f = xe implies: 

(3.13) ^ ^ 2[w]nH^ 



or 



^i') ' ' 'log(l + ^) 

Note also that, since M ^ 1, log ( 1 + M j ^ log ( 27^7 j . Take 

1 



a 



8|W)|Dt7" 



then whenever jJ ^ a, since log (l + ^) is a decreasing function of 



a. 



log(l + ^) = log(^l + ^j^log(l + ^ 



i.e. whenever W ^ a 



|/| -5 ^ S\m 



as 



e ^" 



= log(e'['"^«-")=8MRH(', 
^^ — , we get log ( 1 + M ) ^ 8[w]iiH", so we can write fl3.13p 
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or, for simplicity, 

\E\ 1 w(E) 1 

3.14 \-l ^ ^ri = a ^ ^-f ^ - =: /3. 

See Rubio de Francia- Garcia- Cuerva book, page 398, in order for w to belong to RHi^s, it 
is enough to pick an e such that {2^a~^y/3 < 1. For our choice of a and (3 in f l3.14p we need 
to solve for e the following inequality: 

To satisfy this inequality it is enough to choose an e such that 

('2Vf"'««")' = 4, 

which yields to 

log(4) 



nlog(2) + 8[w]RH'y 
Thus, ii w E RH" then w G RHi^^ with the above choice of e. 



D 



3.4. Proof of the Theorem 11.31 We give a sketch of the proof in spirit of the proof of the 
1-Gehring lemma. 

Given a function w G RHi, we want to estimate niiwexp {—mj{log{w))) from above and, 
therefore, we want to estimate m/(log(z/;)) from below. Therefore, we denote 

B{x) = inf{m/(log(w7)) : nijw = x, mi{w\og{w)) = y, [w]rhi ^ Q}- 

The function B is locally convex (we remind that both previous functions B were locally 
concave, since we considered a sup of something). We now denote by 7_ the smaller root of 
the equation 

t-log(t) = g + l. 

We notice that for big Q our 7_ has the following asymptotic: 



7- 



gQ+l' 

We now define the function v{x, y) by the equation 

y = (logf + 7_)x — f7_, 

V ^ X. 

The picture is the following: we take a point {x, y) and a tangent line to Vq = {{x,y): y = 
a;log(a;) + Qx}, such that it "kisses" Vq on the left-hand side of {x,y). Then {v,v\og{v)) is 
the point on the right-hand side of {x, y), where this tangent hits F = {{x, y): y = xlog(x)}. 

Then the Bellman function B is equal to 

X — V 

B{x,y) =log(t)) H . 

7_i; 

We skip all details of the proof since they are identical to both previous proofs. 
We now notice that we are interested in the quantity 

xexp{—B{x, y)). 
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This is because B{x,y) is the mi(\og{w)), and x = nijw. We write 



xexp{—B{x,y)) = — exp I 

V V 7- 



sexp 



1 



7- 



where s = | G [7_ , 1] . We set 



m 



sexp 



1-s 

7- 



Then 



f{s) 

1-7- ' 



exp( 



1- 



7- 



^0, 



7- 



~ e('^~^)e"'^^'-i 



„Q+l. 



SO /(s) ^ /(7_) = 7_ exp 
Since 7_ ~ e*^^"^^^-*, we get 

/(7- 

which finishes our proof. 

To illustrate that this result is sharp, we state the following proposition. 

Lemma 3.11. Consider 



1 1-^- 
w(t) = — t ''- 

7- 



Then [w]rhi = Q, and rriiwe 



-mi{\og{w)) 



7_ exp 



1-7- 
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